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Relaxational heat conduction lacks a modified transport theory at the mesoscopic level. We establish
a modified Boltzmann transport theory with the generalized collision term, which can give rise to the
convolution relationship between the heat flux and temperature gradient as well as fractional Fourier
law. The macroscopic relaxational behaviors are thereafter connected to mesoscopic memory effects in
the generalized collision term. The modified Boltzmann transport theory not only provides an underlying
explanation for macroscopic relaxational heat conduction but also possesses engineering applications to
situations far from equilibrium. The generalized collision term is not unique framework for relaxational
heat conduction, and generalizing the drift term in the Boltzmann transport equation (BTE) can also cover
macroscopic models. However, this framework will be paired with anomalies in energy continuity and
entropy balance, and as a consequence, it is not suggested for relaxational heat conduction.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

Relaxational heat conduction [1-8] is a common non-Fourier
class, wherein heat conduction at time t = ty depends on not only
the states at time t =ty but also the whole history in [0, ty]. One
typical class is the theory of heat waves [1], wherein the heat flux
q(x, t) is formulated as a convolution of the temperature gradient
VT(x,t), namely,

qx, t) = —/OtM(t —t')VT(x,t')dt’, (1)

with M(§) the relaxation function. Based on Eq. (1), various con-
stitutive models can arise from different choices of M(£), and
it is therefore considered an universal formulation for wave-
like heat conduction. For instance, an exponential kernel, M(§) =
Kk exp(—&/1), will give rise to the Cattaneo model [6] as follows

q+r% =—k VT, (2)

at

where x denotes the thermal conductivity and t is the relax-
ation time. The Cattaneo model is the most celebrated and sim-
ple constitutive relation [1] which can overcome infinite speeds of
heat propagation traceable to Fourier’s law. Another typical relax-
ation function takes the form of the Dirac delta function, namely,
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M(&) = k6(€ — 7). This kernel corresponds to the following single-
phase-lagging model [7,9],

qx.t+7)=-«VT(X1). (3)

which can be connected to the Cattaneo model through the first-
order Taylor expansion of the heat flux.

Despite the universality in non-Fourier heat conduction,
Eq. (1) cannot cover relaxational behaviors described in terms of
fractional-order operators [10-17], i.e., the fractional Fourier law
[16] as follows

1-a

—KkO' ;tm VT(x,t)

1 8 ¢ a-1

Wﬁfo (t—t')" VT(x.t')dt, (4)
with @ €(0,1) and 6 a material constant. Different from
the fractional-order Cattaneo-type models [18-21], the fractional
Fourier law is a generalization of Fourier’s law rather than the
Cattaneo model. The fractional Fourier law also reflects a relax-
ational behavior between the heat flux and temperature gradient,
but it cannot be included by Eq. (1). Another unsatisfactory prob-
lem of Eq. (1) is that it is only a macroscopic description yet lacks
mesoscopic understandings. However, specific cases of Eq. (1) like
the Cattaneo model can be derived from the Boltzmann transport
equation (BTE) [22-26] at the mesoscopic level, namely,

3fp

WJFVg-VfP:C(fP): (5)

q(x, t)

—/(91_“
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wherein fp = fp(x,t,k) stands for the phonon distribution func-
tion, k denotes the wave vector, vg is the phonon group velocity,
and C(fp) stands for the collision term. In the framework of the
Boltzmann transport theory, the Cattaneo model emerges from the
local equilibrium assumption (V fp ~ V fy) and single mode relax-
ation time approximation:

cun=-20 ®)
T

where fy = exp(hwlw is the Bose-Einstein distribution, h is the

reduced Planck constant, kg is the Boltzmann constant, and w is

the angle frequency. Here, the local equilibrium assumption is at

the mesoscopic level, while the Cattaneo model describes macro-

scopic local non-equilibrium effects.

Since a specific case of Eq. (1), the Cattaneo model, possesses a
statistical and mesoscopic foundation, it is necessary to establish a
fundamental transport theory for Eq. (1). On the other hand, relax-
ational heat conduction beyond Eq. (1) like the fractional Fourier
law calls for transport theory likewise. The main aim of the present
paper is to address the two questions. In this work, we propose
two subclasses of the phonon BTE which enable the macroscopic
relaxation to cover both Eq. (1) and the fractional Fourier law. The
first subclass is based on the generalized collision term, while the
other generalizing the drift term. We compare the two subclasses,
and suggest the generalized collision term as an universal meso-
scopic understanding for relaxational heat conduction.

2. Generalized collision term

We first recall the statistical definitions of the heat flux q(x, t)
and energy density u(x, t):

qx.t) = / Vefo (X, £, k) hardk

- / Vel fo (%, £. k) — fo]hwdk, (7a)

U ) = / fohwdk

= /fp(x, t, K)hodk. (7b)
The temporal Laplace transform of an integrable function
W (., t) is given by

+00
Yir (.. p) = ¥ (., t) exp (—pt)dt, (8)

wherein p should fulfill t“T | (., t) exp(—tRep)| = 0. In order to
obtain Eq. (1), the collision term is generalized as

Cfr) = /O X(t—t)[fo(x.t'. k) - foldt' + %[fp(x’ t. k) — fol.
(9)

which satisfies the restriction [ C(fp)dk = 0. The generalized colli-
sion term consists of two terms. The first term reflects the memory
effect of the scattering process, namely that the scattering process
at ty depends on the whole history of the non-equilibrium term
[fp(x,t,Kk) — fol in [0, tg]. The second term is contributed by the
temporal derivative of the non-equilibrium term at ty, which does
not involve the memory effect. Upon multiplying Eq. (5) by vghw
and integrating it over the wave vector space, we acquire

aqx,t) K " / N, 04X, b)
T+?VT(x,t)_/0 X(t—t)q(x. t')dt + =

! / ’r_ K
:>/0 X(t—t)q(x t")dt' = ;VT(x, t)
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= qrr(X,p) = VTir (X, p). (10)

K
X1 (P)
In Eq. (10), the thermal conductivity is calculated as k =
%Ivglzcr, and c= | %iTohwdk is the specific heat capacity per unit
volume. The temporal Laplace transform of Eq. (1) reads

qir (X, p) = =M (p)VTir (X, p), (11a)
and combining it with Eq. (10) yields
K
X =
r(P) M (D)
K ¢+ioo exp (pt)
=X({t)=—- / ———dp, 11b
© 27Tl Jroieo Mir(D) P (11b)

wherein ¢ is an auxiliary parameter to guarantee the conver-
gence. Besides Eq. (1), the generalized collision term expressed by
Egs. (9) and (11b) is able to expect the fractional Fourier law as
well, and the corresponding memory kernel is written as

90{—1
X@E) = TA-a)téx’

Thereupon, we have obtained an universal collision term for re-
laxational heat conduction expressed by Eqs. (9) and (11b). This
generalized collision term provides a mesoscopic understanding for
macroscopic phenomenological relaxation based on the Boltzmann
transport theory, namely that the evolution of phonon distribution
function exhibits memory behaviors.

Our generalized Boltzmann transport theory not only provides
an underlying explanation for macroscopic relaxational models but
also possesses engineering applications. For the system wherein
non-stationary heat conduction is dominated by the memory
regime, the non-Fourier relaxation should be considered. For in-
stance, the fractional Fourier law is recently investigated in heat
transfer induced by gas adsorption [16]. The experimental results
perform a slow thermal diffusion stage, which supports the frac-
tional Fourier law yet cannot be reproduced by Fourier’s law. Here,
we propose a mesoscopic mechanism for the fractional Fourier law
in terms of the following collision term,

€U = gy Jo e 8

+E X 6 K) = fo(x, D).
case of Eq. (9), Eq. (13) corresponds to the memory kernel
X(t —t") o (t —t’)~®, which implies that the memory effect obeys
a power-law decaying. The fractional Fourier law can degenerate to
classical Fourier’s law, yet always differs from the Cattaneo model,
which corresponds to the single mode relaxation time approxi-
mation. Thus, Eq. (13) cannot degenerate to the single mode re-
laxation time approximation. The parameters («,6) can be de-
termined by measurements in the near-equilibrium region. Mean-
while, the relaxation time t can be obtained in a stationary heat
conduction process. The one-dimensional heat conduction problem
on [0,L] is taken as an example, which is induced by a constant
temperature difference AT. In this problem, we have « = —Z—LT and

the relaxation time is written as 7 = _AT3|qL\2 with g the one-
vg|“c

dimensional heat flux. Indeed, the relaxation time in Eq. (13) corre-
sponds to the stationary transport property, which can only reflect
the stationary scattering. In the engineering situations far from
equilibrium, neither measurements on macroscopic quantities nor
macroscopic constitutive models are accessible. Thereby, one can
use a mesoscopic description by Eq. (13) instead.

(12)

(13) As a specific

3. Generalized drift term and comparisons

For a given macroscopic quantity, there exist different phonon
distribution functions, and hence the mesoscopic Boltzmann trans-
port theory for macroscopic relaxation is not unique. In the follow-
ing, we will show that Eq. (1) and the fractional Fourier law can
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also be obtained via generalizing the drift term. Using the Laplace
transform approach stated above, one can demonstrate that the
following BTE can also lead to Eq. (1),

tM(t -t
afP(g,tt, l() +/ ( - )Vg- pr(X, t/,l()dt/
0
x,t, K X, t
= LIS D - fokn)] (142
For the fractional Fourier law, the corresponding BTE is written
as
afp(x.t,k)y 01> 9 [t o , ,
fp(at )+r(a)&/ (t—t) 1Vg.pr(X,t,k)dt
X, t, K X, t
= LI SO D - fokt)]. (14b)

Although the generalized drift terms can give rise to macro-
scopic relaxational models, they will be parried with two anoma-
lies.

The first anomaly is related to the continuity equation. Upon
multiplying Eq. (5) by hw and integrating it over the wave vector
space, we can derive the standard continuity equation,

ou(x,t)
at

Nevertheless, Eqs. (14a) and (14b) will lead to the following
continuity equations, respectively,

du(x,t) CM(t -t Ny
h +V.|:[O T)q(x,t)dt =0,

ou(x,t) pl-« 9 ¢ o1 A g
T +V.[F(a)at/0(t—r) q(x,t)dt]:

which are obviously unconventional. Eq. (16a) will reduce to the
standard continuity equation if and only if M(§) = k8 (&), while for
Eq. (16b), the standard continuity equation occurs only in the limit
o — 1. Meanwhile, the constitutive model becomes Fourier’s law.
It indicates that the constitutive and continuity equations are not
independent of each other, and non-Fourier relaxational models
must coexist with unconventional continuity equations. We men-
tion that such coexistence has been discussed by previous studies
[1,8,27], but the discussion is not based on the generalized drift
term. This expectation differs from usual understandings of relax-
ational heat conduction. For instance, the experimental results in
Ref. [16] support a non-Fourier constitutive model and the stan-
dard continuity equation.

The other anomaly involves the entropic concepts and entropy
balance equation, namely,

as(x,t)
ot

where s(x, t) stands for the local entropy density, J(x, t) is the en-
tropy flux, and o (x,t) denotes the entropy production rate. In the
near-equilibrium region, these entropic concepts can be expressed
in the framework of classical irreversible thermodynamics (CIT)
[28], namely,

T(x,t)
= [V £dT

+V.qx,t)=0. (15)

(16a)

(16b)

=-V.J(x,t) +o(x,t), (17)

s(x,t)

Jx.0) = $x0 ~ (18)

oxt)=qxt). V[ rag]

At the statistical level, the CIT formulation can be obtained from
Boltzmann-Gibbs statistical mechanics and Eq. (5), which will be
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subsequently illustrated. In Boltzmann-Gibbs statistical mechanics,
the entropy density of phonons is written as

s=la [ [(fo+DIn(fo+1) = foln foldk, (19)
whose temporal derivative reads
kB/ ey, (fp+1>dl(. (20)

Substituting Eq. (5) into Eq. (20) yields

% - V. {/ngs[(fp-i- Din(fo+1) —fplnfp]dk}
+I<B/C(fp)ln (f”]j”)dl 21)

and we thereafter obtain

J= / Veks[(fo + 1) In (fp + 1) — foIn fo]dk, (22a)

o= kB/C(fp)ln <fpf—:1>dk. (22b)

When the distribution function is sufficiently close to the equilib-
rium distribution, we can employ the following expansions,

1\ fo+1  (fr—fo) _f2
( fo )‘1“ o Ghrp Ol
_ho (o fo) 2
T kT m+°('f”‘f°' ) (232)

(Fpr+DIn(fp+1) - frlnfp=(fo+1DIn(fo+1) - folnfo

+(fp—fo>1n(f°f“) +0(Ifr - fol?).

Using Eq. (23a), the entropy density in Eq. (19) can be simpli-
fied as

td _ksfafpl (fp+1>dl(

3fi
ko [ 57 [k . +O(pr—fo|)}dk
J

(23b)

c
= 7 +ka [ S700fr = fol)dk. (24)
which agrees with the CIT entropy density as the re-
mainder term is neglected. Upon combining Eq. (23b) and
Svgkg[(fo+ 1D In(fo+1) — folnfoyldk=0, Eq. (22a) is reformed
as

J= /vgkg[(fp fo)In (f"f+ 1) +0(Ifp - folz)]dk
/ng3|:(fp - fo)k%; +0(1fr - f0|2)i|dk
1+ [ waO(1fr — foF? ke (25)

With the remainder term neglected, the CIT entropy flux is repro-
duced. Owing to the entropy balance equation, the entropy produc-
tion rate in Eq. (18) should also coincide with the CIT framework.

Accordingly, the entropic concepts based on Eq. (5) are consis-
tent with the CIT framework in the near-equilibrium region. Nev-
ertheless, Eqs. (14a) and (14b) will expect entropic concepts devi-
ating from the CIT framework even in the absence of the remain-
der terms. Eqs. (14a) and (14b) correspond to the following entropy
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balance equations, respectively,

os _ V(e = ). V fo(x ), K)dE
si= o [ | [YE=0)s Vi1

fr+1
11’1( [ )dk

-I—kB/C(fp)ln (f”;;1>d1<, (26a)
% = —kB/ [1‘2](;)3%/0[ (6 =t)" g, V fi(x, t’,k)dt’]

In (f”;; ! )dk

+I<B/C(fp)lr1 (fP;E])dk, (26b)

Egs. (26a) and (26b) imply that there exist no explicit expres-
sions for the entropy flux, while the implicit expressions are re-
spectively given by

V.o =k [ Uoty(t — )W V(X ) k)dt’:| In (f"ft ! )dk,

(27a)

1-a t o
V.Jx t) = kB[ |:I9‘(ot)aat/0 (t—t’) 1‘,g.VfP(X, t’,k)dt/:|

In (fpf_: 1)dk.

Using the expansion method stated above and neglecting the
remainder terms., Eqs. (27a) and (27b) can be respectively approx-
imated as

(27b)

L M=)
S0~ 7| [, ekt | (28a)
1 91_0( 0 t na—1 ’ ,
J(x’t)%T(x,t)F(a)ﬁfo (t-t) q(x.t)dt (28b)

The corresponding approximations of the entropy production
rate are thereafter calculated as follows, respectively,

oX,t)= /O[M(tlc_t,)q(x,t’)dt’ .V[ ! i|

T D (29a)

1 o> 9 t na—1 f ,
"<"*f>=V[m,r>]'[r<a>ar/0(”) “("’t)dt}'
(29b)

Obviously, the above entropic functionals deviate from the CIT
framework even in the near-equilibrium region.

In order to show the influence of anomalies in the continu-
ity and entropy balance equations quantitatively, we consider the
single-phase-lagging model as a comparative example. For this
model, the generalized drift term gives rise to the following conti-
nuity equation,
ou(x,t)

ot
and meanwhile, the entropy flux and entropy production rate are
formulated as

Jx, t) = 9

+V.qx,t+71)=0, (30a)

. (30b)
oXt)=qX, t+7). V[Tolu)]
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It is observed that the differences between the anomalous and
standard cases are traceable to the difference between q(x,t + )
and q(x, t). Through employing the first-order expansion, we can
acquire the quantitative estimations, respectively,

V.[q(x,t+t)—q(x,t)]~rV.|:aqg;’t)i|, (31a)
qxt+7)  qXxt) aq(x.t)
T(X.[) T(x.t) ~ T(xt) ot
. (31b)

[QX.t+7) —qX. )] V[ 7o | ~ 72990 V[ 5 ]

which indicate that the influence of anomalies in the continuity
and entropy balance equations depends on |3q§%t)|.

To sum up, the validity of the generalized drift term is debat-
able because it will paired with anomalies in energy continuity and
entropy balance. Accordingly, we suggest the generalized collision
term rather than the generalized drift term as the modified trans-
port theory for relaxational heat conduction.

4. Summary

A modified Boltzmann transport theory is established for relax-
ational heat conduction, which can give rise to the convolution re-
lationship between the heat flux and temperature gradient as well
as fractional Fourier law, which is the original content different
from previous studies. The main idea of this work is establish-
ing such transport theory via generalizing the collision term. The
generalized collision term not only provides an underlying expla-
nation for macroscopic relaxational heat conduction but also pos-
sesses engineering applications to situations far from equilibrium.
In framework of this approach, the energy continuity equation and
entropy concepts obey existing theories.

The Boltzmann transport theory for relaxational heat conduc-
tion is not unique, which can also be achieved through general-
izing the drift term. Different from the generalized collision term,
the generalized drift term will give rise to the unconventional con-
tinuity equations and entropic concepts. To the best of our knowl-
edge, there exists no experiment which can support these anoma-
lous behaviors. Thus, we suggest the Boltzmann transport theory
with the generalized collision term as the mesoscopic description
for relaxational heat conduction.
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